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HIGHER-DIMENSIONAL VIRTUAL DIAGONALS AND
IDEAL COHOMOLOGY FOR TRIANGULAR ALGEBRAS

ALAN L.T. PATERSON AND ROGER R. SMITH

ABSTRACT. We investigate the cohomology of non-self-adjoint algebras using
virtual diagonals and their higher-dimensional generalizations. We show that
infinite dimensional nest algebras always have non-zero second cohomology by
showing that they cannot possess 2-virtual diagonals. In the case of the upper
triangular atomic nest algebra we exhibit concrete modules for non-vanishing
cohomology.

1. INTRODUCTION

Hochschild cohomology for a Banach algebra A was developed by B.E. Johnson
[13] from the point of view of cocycles. Another approach to Banach algebra coho-
mology theory has been developed by A. Helemskii and his school. This treats this
theory as a relative homology theory (in the sense of Eilenberg and Moore [6]). A
key role in this theory is played by the functor Ext, and for a Banach A-bimodule X,
the Johnson cohomology groups H™(A, X ) are shown to be Exte(Ay, X), where
A, is A with a unit adjoined and A° = A®A°P [12, p. 155]. An invaluable account
of the theory is given in the book [12] of Helemskii. The basic definitions and results
that we will need are presented in §2.

In [13], Johnson introduced the important property of amenability for A. The
Banach algebra A is called amenable if H'(A, X*) = 0 for every Banach A-bimodule
X. A beautiful result of Helemskii and Scheinberg ([12], p. 254) asserts that A is
amenable if and only if A% is an injective A-bimodule. Amenability for a C*-
algebra is equivalent to nuclearity, and an appropriate version of amenability for a
von Neumann algebra is equivalent to the latter’s injectivity (in the usual sense of
operator algebras). These results are mostly due to [11] and [2], [3]. The reader is
referred to [18] for an account of cohomology in the self-adjoint setting.

Johnson showed that the amenability of a Banach algebra A is equivalent to the
existence of a certain element of A** called a wvirtual diagonal. For convenience,
let A be unital with unit e. (Throughout this paper, A will be assumed unital.)
Then a virtual diagonal for A is an element M € (A®A)** such that aM = Ma for
all a € A and (M) = e, where 7: A®A — A is the product map. It is often
convenient to construct a virtual diagonal in proving the amenability of A, since
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then we do not have to consider all Banach dual A-bimodules X* and show that
HY(A, X*)=0.

The higher-dimensional version of amenability for a (unital) Banach algebra A
was investigated by Effros and Kishimoto ([5], §3). Let us call A n-amenable (n > 1)
if H"(A,X*) = 0 for all Banach A-bimodules X. Effros and Kishimoto showed
that n-amenability for A is equivalent to the existence of an n-virtual diagonal, an
(n—1)-cocycle D: Cp—1(A) — Cry1(A)** such that

(0) Ty (D(a1 ® - ®an-1)) = Tni1(e® a1 ® - ®an-1 ®e)

for all a; € A. (The terminology used here is explained in §2.) A homological
interpretation of this result and its non-unital counterpart is given in [17].

A very simple example of a 2-amenable Banach algebra that is not amenable is
the algebra Ty of upper triangular complex matrices. (From the point of view of
homological algebra, this is a consequence of a result of Selivanov. For a discussion
of this see [17].)

A key problem is whether n-amenability (n > 1) is equivalent to amenability
for C*-algebras. The answer to this is (to the authors’ knowledge) unknown. The
2-amenability of T, suggests that non-self-adjoint operator algebras, in particu-
lar triangular algebras, are natural algebras for investigating higher-dimensional
amenability.

Before considering such algebras, we first look (in §3) at an incomplete result of
[17]. It was shown there (Corollary 4.1) that if n = 2, 3 then (n—1)-amenability of A
is equivalent to the existence of a coboundary n-virtual diagonal. (The significance
of this for the above problem of n-amenability for C*-algebras is that if we could
show, for example, that every 2-amenable C*-algebra admitted a coboundary 2-
virtual diagonal, then 2-amenability would imply amenability (= nuclearity).) We
show that this result is true for any n > 2.

In §4, we investigate higher-dimensional amenability for the algebras T;, (n > 2)
of upper triangular, complex n x n matrices. In [17], it was shown that for n > 2,
T, is (n — 1)-amenable. We will show that T, is 2-amenable! (but not amenable)
by exhibiting explicitly a 2-virtual diagonal for T;,. We also show that certain
other finite-dimensional algebras B,,, obtained by using the join and suspension
operations of Gilfeather and Smith ([10], [9]), are (n + 1)-amenable but not n-
amenable. The problem of finding simple examples of this phenomenon was first
raised in [13].

It is tempting to try to use the 2-virtual diagonals for the T},’s to construct a
2-virtual diagonal for T°°°, since the latter is a w*-inductive limit of the 73,’s. We
show that this is not possible. More precisely, we show that if A" is a complete nest
of closed subspaces of a Hilbert space H containing at least n distinct non-zero
elements, then ||8]] > n — 3 for any 2-virtual diagonal on Alg(N'). Thus there does
not exist a uniformly bounded sequence of 2-virtual diagonals on the T},’s, and so
it is impossible to obtain a 2-virtual diagonal on T (or on any nest algebra whose
nest has infinitely many elements) as a cluster point of such a sequence.

These abstract methods do not give simple examples of non-vanishing second
cohomology; this is addressed in §5. In this section, we investigate the cohomology
groups H™(T'*,J) where J is a strong operator closed two-sided ideal in 7°°°.
The groups H(T*°,J) have been determined by Erdos and Power [7]. They also

1Y.V. Selivanov has informed the authors that he has also proved this result, using homological
techniques.



IDEAL COHOMOLOGY FOR TRIANGULAR ALGEBRAS 1921

characterize the strong operator closed two-sided ideals in a general nest algebra
using certain order homomorphisms. Using this result, we show that J can be
characterized as all those operators in T°° whose matrices vanish on a certain part
V of Z* x Z*. The complement W of this part is built up out of triangular pieces.
To investigate H2(T, J), it is helpful to use the long exact sequence property of
H™(T*,-). For this purpose, it is important that J be complemented in T as
a Banach space. For large classes of ideals this is the case, but it is not true in
general.? For many such ideals J (including the case when J is the ideal of strictly
upper triangular operators) we show that H"(T°°, J) = 0 for n > 2. We also show
that there are simple examples of ideals J for which H2(T*°, J) # 0.
We are grateful to David Larson for helpful discussions.

2. SOME PRELIMINARIES ON BANACH ALGEBRA COHOMOLOGY

Let X be a Banach A-bimodule. We recall first how the cohomology groups
H™(A, X) are defined. For each n > 1, let C,(A) be the n-fold projective tensor
product A® - -- ®A and let C™(A, X) be the Banach space of bounded n-linear maps
from the n-fold Cartesian product A x --- x A into X. Canonically, C"(A, X) =
B(C,(A), X). The elements of C™(A, X) are called n-cochains. The bounded linear
map 6" (or simply 8) from C™(A, X) into C"*1(A, X) is then defined by:

(Snf(ala ce ,an+1) = alf(a27 e ,an+1)
(1) +Z(—1)kf(a1,... sy Ak—1, QAL+ - - - ,an_,_l)
k=1
+ (—1)”+1f(a1, R S T

The space ker 6™ is sometimes written Z™(A, X). The elements of Z"(A4,X) =
ker §" are called the n-cocycles and the elements of Im §"~! = B""!(A, X) are
called the n-coboundaries. Finally, for n > 1, we define

H"(A, X) = ker §"/Im 6"~ 1.

In the case n = 0 we take C°(A, X) to be X, and §°: X — C'(A4, X) is given
by:

8%(z)(a) = ax — za.

We take H?(A, X) to be {z € X: ax = za for all a € A}.

A very useful result due to Kadison and Ringrose ([14], §4) enables us to replace
an n-cocycle T' by an equivalent one for which elements of a certain kind of subal-
gebra B of A move in and out of the expression for T as if they were scalars. (For
precise recent statements, see [9], [17].) Thus T is equivalent to a B-multimodular
n-cocycle T', where the multimodular property means that for a; € A, b € B:

(a) T'(a1,... ,an) = 0 whenever an a; € B;
(b) bT'(a1,...,an) =T (ba,az,... ,an), T'(a1,... ,an)b=T"(a1,... ,a,b);
(C) T’(al,. .. ,aib,ai+1,. .. ,an) = T’(a,l,.. . ,ai,bai_,_l,.. . ,an).

Of course, the notion of B-multimodularity applies to cochains in general. Multi-
modularity can be achieved for abelian C*-algebras B, and this is sufficient for our
purposes. In the case where we will require multimodular cocycles — when A is a
matrix algebra or T°° — we will take B to be the diagonal C*-algebra.

2We are grateful to Ken Davidson for pointing this out to us.
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To understand the significance of the equality (1), we need to see its origins in
Banach homology theory ([12]). In this theory, functors Ext’.(X,Y") are developed
in a manner analogous to the corresponding functors in homological algebra. (Here
A® = A®A and X,Y are Banach A-bimodules.) The groups H"(A, X) are then
just Ext'}. (A, X), which can be calculated using the standard projective resolution
for A:

(2) 0 A2 Cy(A)C5(A) e -

with m,: C,(A) — C,—1(A) the morphism given by

n

3 m@®-®a) =Y ()" ® 00 ®aip @ Day,
=1

(The morphism 7, can be regarded as a “higher dimensional” product.) The se-
quence from which we obtain Ext'y. (A4, X) is given by applying Hom 4 (-, X) to (2),
and this is effectively the same as the sequence of C™(A, X)’s, connected by the ¢’s.

Although in this paper we will use only the cocycle approach to H™(A, X), the
preceding discussion explains why the 7, maps in (3) play an important role in the
theory. In particular, at a very direct level, we can conveniently rewrite the formula
(1) for 6™ as

"fla1® - Qant1) =a1f(az®@ - Qan) — f(Mnr1(a1 @ -+ ® apy1))

(4) + fla1® - ® ap)ania.

As discussed earlier, A is called n-amenable if H™(A,X*) = 0 for all Ba-
nach A-bimodules X. We also stated the Effros-Kishimoto result in §1, that n-
amenability is equivalent to the existence of an n-virtual diagonal, an (n — 1)-
cocycle D: Cp_1(A) — Chy1(A)** satisfying (0). (The 7,41 in (0) is, of course,
the “higher dimensional” m-map defined as above.)

3. WHEN DOES n-AMENABILITY IMPLY (n — 1)-AMENABILITY?

It is well-known (e.g. [12], p. 254, [13], p. 9) that for n > 2, (n — 1)-amenability
implies n-amenability for the Banach algebra A. We will show that A is (n — 1)-
amenable if and only if there exists an n-virtual diagonal that is a coboundary. (Of
course, n-amenability is equivalent to the existence of an n-virtual diagonal, but
such a cocycle will not, in general, be a coboundary.)

Theorem 3.1. For n > 2, the Banach algebra A is (n — 1)-amenable if and only
if there exists an n-virtual diagonal for A which is a coboundary.

Proof. By [17], Theorem 4.2, it is sufficient to exhibit a Z € C,,_2(A4, C}% ) such
that

(5) Ti1((0Z)(a) —e®a1 ® - @apn—2®e®@an—1) =0
foralla=a1 ® - Qan_1, a; € A. Let

Z(a1 @ Qan2) = (-1)"Me®a1 @ Qa2 @e@e.
We show that (5) is satisfied.
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Indeed, using (4), f w=a1 ® --- ® ap_1, a; € A, then

(~1)"16Z(w) = a1Z(az @ - @ ap—1) — Z(mn—1(w))
+ (="' Z(a1 ® - @ ap_2)an_1
—w®eRe—eR@m_1(w)®e®e
(6) + (D" e®a1®  @ap2@e@an_1.

Applying 7,11 to both sides of (6), we see that (5) will follow once we have shown
that

(7) Tnr1(w®e®e) =mr1(e@m—1(w) e e).
The left-hand side of (7) is just m,—1(w) ® e ® e. For the right-hand side:

Tnt1(e @ Tr_1(W)ReRe) =1 (W)®eRe—eRmp_20m—1(V)ReRe
=m1(w)®e®e

as required, since m,_2 o m,—1 = 0. This gives (7). O

It would be interesting to know what the non-unital version of the preceding
theorem is, and what its homological interpretation is.

4. HIGHER-DIMENSIONAL AMENABILITY FOR 1,, AND THE ALGEBRAS B,

Recall that T), is the algebra of upper triangular n x n complex matrices.
Theorem 4.1. For n > 2, T,, is 2-amenable, but not amenable.

Proof. The non-amenability of T;, is proved in [17], Proposition 3.1.

To prove the 2-amenability of T;,, we exhibit a 2-virtual diagonal D: T, —
T,8T,T,. Let ei; (1 <1< j < n) be the canonical basis of matrix units for T,
and define D by:

i1
(8)  Dfey) = Z €ij ¥ €jj © ess — Z et @ ey @ ej5 + Z €ip & Epp+1 @ Ept1;.
s#j t#1 p=i

The third sum of (8) is interpreted to be 0 if i = j.
To prove that D as defined above is a 2-virtual diagonal, we need to show that
D is a derivation on 7T, and that for all 4, j,

(9) 7T3(D(€ij))=6ij®1—1®eij.

We first prove that D is a derivation. We need to show that for 1 <i¢ < j < mn,
1<k < /¢ <n, we have

(10) D(eijekg) = eijD(ekg) + D(eij)ekg.
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eijD(ere) + D(esj)ene = €ij Z Ere & €pp & g5 — Z et @ eq @ epe

s#£L t#£k
-1
+ E €kp & Epp+1 & Ept1e
p=k

Zeij ®ejj & ess — Zett ® esr @ 45

s#£j t#£1
-1
+ E €ip @ Epp+1 @ €pt1j | Eke-
p=1

Suppose that j # k. Then (11) gives
eijD(ekg) + D(eij)ekg =—e;; Qe Qep e Qej; Qepe = 0

and (10) follows since its left-hand side is D(0).
Suppose, then, that j = k. We will assume that i < j < £, the cases where i = j
or j = £ being dealt with similarly. Then, from (11),

eijD(eje) + D(eij)eje

-1
§ et Q ey @ ess + § €ip ® €pp+-1 ® Ep+1v
s#L p=J
j—1
- E e @ epr Qe + E €ip @ eppt1 Q ept1e
t#i p=1i
—1
= E et Q epr & egs — E e Qe @ e+ E €ip & eppt+1 @ €pr1r
s#L t#1 p=i

= D(eir) = D(eijeje).

Thus D is a derivation.
To prove (9),

m3(D(eig) =D (e @ ess —0) = > (er @ €35 —0)

s#£j t#£1
j—1
) (Cipt1 @ epr1j — €ip @ ;)
p=i

=eij @ (1 —ej5) — (1 —ew) @eij + (e @ ej; — i @ €ij)
:eij®1—1®eij
where we have used the facts that Z:Zl ess = 1 and that the non-extreme terms

. —1 . . .
in the “ ;:i ” expression cancel in pairs. O
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Other examples of n-amenability are provided by using joins and suspensions of
Gilfeather and Smith ([10], [9]).

If H and K are Hilbert spaces and A and B are norm closed unital subalgebras
of B(H) and B(K) respectively, then the join A# B is the subalgebra of B(K ® H)

whose elements are of the form
b 0
U a

with @ € A,b € B and v € B(K,H). Let Dy be the diagonal algebra of 2 x 2
complex matrices (=2 C?), and let Ay be Do#Do. The elements of A, are those
4 x 4 complex matrices of the form

(12)

* ¥ O *
¥ ¥ ¥ O

O ¥ O O
* O O O

where * denotes an arbitrary scalar.
The two-point suspension S(A) of the algebra A is the subalgebra of B(C? @ H)
whose elements are of the form

(13) [d 0]

u a
where d € Dy,a € A and u € B(C?, H). We define
B, = S""1(A4)

where S™~! means that the suspension operation is applied recursively (n — 1)
times. It is easily checked that B,, € My(,,_1)44. Of course, By = Aj.

Theorem 4.2. The algebra B, is (n + 1)-amenable but not n-amenable.

Proof. We prove first, by induction on n, that if m >n and €;.;,, € B, (1 <r <
m) then at least one of the e; ;. ,’s is of the form e,,. Suppose firstly that n =1
so that B,, = A4. Suppose that the e; ; ., (1 < r < m) are such that none is of
the form eqq. From (12), the 4,4,41’s must come from 31, 32, 41 and 42. But this
is impossible since all of the latter end in 1 or 2 while none starts with 1 or 2 and
m > 2.

Suppose that the result is true now for some n and let m > n + 1. Suppose that
there exist e; .., € Bp41 (1 <7 < n+ 1) with no e;;,, of the form eq,. From
(13), we have, for each r, either e; ;, ., € By or 2 < i, <2n+2,1 < dqy < 2.
If2<i, <2n+2,1<4 <2, then e;,4,,, cannot be followed by e;,,,i,., € By
since it is in one or other of the top two rows of My, 2. Thus at most the last
element e; ;,,,, is not in B,. We conclude that e; ;,,... ,€;, .4, € Bn, and since
n < m — 1, the induction hypothesis gives i, = i,41 for some r. This concludes the
induction proof.

Let n > 1,m > n, and let X be a Banach B,-bimodule. We prove that
H™(B,,X) = 0. (This is equivalent to (n 4+ 1)-amenability.) It is sufficient to
show that f € Z™(B,, X) is a coboundary. We can suppose that f is multimodu-
lar for the diagonal of Ma, 5. We show that f = 0. To this end, it is sufficient to
show that

(14) f(eiljl, e ,eimjn) =0.
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Writing e;,;, = e€;,j.€;,5. and passing the e;, ;. over to left-multiply the adjacent
term e;,,,j,,,, we can suppose that j. = 4,11. By the result whose proof was given
earlier, at least one of the e; ;. ,’s is an eqq. Since f is multimodular, (14) follows.
Thus B, is (n+ 1)-amenable. To prove that it is not n-amenable, it is sufficient to
show that H™(B,,, Ma,+2) # 0, where Ms,,12 is regarded as a B,-bimodule using
the natural multiplication.

Suppose firstly that n = 1. Then By = Ay = Da# D5, and by [10], Theorem 3.3,

HY(A4,My) = H(D2) @ H'(D2) =C@C=C#0

(since H°(D3) = Do /C = C). Suppose, then, that n > 1. Now Theorem 3.6 of [9]
gives, for a unital algebra A C B(H), the formula

H""Y(A,B(H)) = H"(S(A), B(C*> ® H)).
We apply this recursively to the relation B,, = S(B,_1) to obtain
H"(Bp, Many2) = H" Y (Bn_1, Ma,) = --- = H*(By, Mg) = H'(By, My) = C.
Thus B,, is not n-amenable. O

We saw, at the beginning of this section that every T, is 2-amenable. If we
can find a uniformly bounded sequence {6,}, where §,, is a 2-virtual diagonal on
T,, then we could take an appropriate weak® cluster point of {6,} to obtain a 2-
virtual diagonal on the weak* inductive limit 7°° of the 7;,’s. (This parallels the
production of a virtual diagonal on an AFD von Neumann algebra from virtual
diagonals on its finite-dimensional C*-subalgebras.) However, we will now obtain a
norm estimate for 2-virtual diagonals on nest algebras which, in particular, shows
that no nest algebra for an infinite nest can be 2-amenable. The calculations below
are notationally complicated, largely because we must work not with AQA®A but
with its second dual. For example, the operation of left multiplication by z in the
middle variable is simply expressed by

a@RbRc—a@rbRec.

To express the same operation on the second dual we must define a map A\: A — A,
given by left multiplication by x, and then consider

(IRARD)*™(u), uc (ADARA)™.

The reader may find it enlightening to assume that the 2-virtual diagonals below
map into AQARA, when the more transparent forms of various operations are
available.

Let N be a complete nest of subspaces of a Hilbert space H, and suppose that A/
contains at least n distinct non-zero subspaces Ny C Ny C --- C N,, = H. Denote
by A the algebra

{t: tNC N, NeN},
and let p; be the projection onto N;, 1 < i < n. Then define e;; = p;, while

€ii = pi — pi—1 for i > 2. Clearly{e;;: I_S i < n} C Ais a set of orthogonal
projections whose sum is 1. Now choose unit vectors & € Ny, & € N; © N;_q,
2 <i < n, and denote by e;; (1 <i < j < n) the rank one operator & ® &; defined

by
eij(§) =(§,&)6, € H.
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If p is a projection in A corresponding to an element of the nest, then, for a given
pair ¢ < 7, there are three possibilities:

(a) p <pi <pj,

(b) pi <p <pj,

(c) pi <pj <p.

Since pteijp = (pH&) ® (p€;), we see that pLe;jp = 0 in all three cases: in the

first p¢; = 0 while in the second and third pt¢&; = 0. It follows that {e;;: 1 <i <
j <n} C A. Moreover, the relations

0, j#k,
€ijere =
€ir, _] = k,
for ¢ < j,k < £ are clear from the definitions. Thus the set {e;;: 1 <i <j <mn}
acts as a set of upper triangular matrix units, although it should be noted that e;;
is rank one in general only if i < j.

We now introduce some auxiliary operators which play a role in the last theorem
of this section. There are many relationships between them; the ones we will need
are set out in the proposition below.

For 1 <i < n, define p;, \;: A — A to be respectively right and left multiplica-
tion by e;;, and let m: AR®ARA — A be given by

(15) m(a®b® c) = abe.
We write U for the compact unitary group of the abelian C*-algebra generated
by {e11,...,enn}. The typical element of U has the form > ewﬂ'ejj, and Haar
j=1
measure dy on U is the n-fold normalized Lebesgue measure Wd@l ...d0, on the
n-torus T™. We then define &: ARA — A®A and &3: ARARA — ARARA by
(16) &(a®b) = / au® ® ubdp(u),
U
(17) &la®bce) = // au® @ ubv* @ vedp(u)dp(v).
UxU
We will also need i1, pa: AQARA — ARA, defined by
(18) wma®b®c)=ab®ec,
(19) p2(a®b®c)=aq be.
n—1 n—1
Finally, we denote the contractive projection > A;p;+1 of A onto €D e;;Aeit1i11
i=1 i=1
by a.
Proposition 4.3. The following properties hold:
(i) {1, An, P1,- -+, Pn} @8 @ commuting set of maps,
(20) )\1)\] = pip; = 0
fori#£ 3, and
(21) Aipj =0
fori>j;

(22) (i) [l = €]l = lI€s]l = 1;
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(23) (iii) m = Tali1;
(24) (iv) T3 = {1 — M23
(25) (v) & = Z pi @ Ais
i=1
(26) (vi) L= > pi®XNip®N;
1<i<j<n
(27)  (vii) m3€s = £a73;

(28) (viil) (N ®@I® pitr1)§3 = Xipi @ Aipi @ Aipit1 + Xipi @ Nipit1 @ Niy1pit1
+ Xipit1 @ Aiy1pit1 @ Aip1pit1;
(29) (ix) T2 (pit1 @ Aix1)m3(Ai @ T ® piv1)Es
= m2(pit1 @ Xit1)T3(Ni @I @ pig1)(I @ a® I)&3
=2 (pit1 @ Ni+1)1 (N @ I @ pir1)(I @ a @ I)Es;
(30) (x) mop1( N @I R pit1)(I @ a @ I)Es
To(pit1 @ A1) (N @ I ® piy1)(I @ a @ 1)Es.

Proof. (i) The first two statements are clear from the definitions. If ¢ > j, then
Aipj(a) = ejaej; = eiipj_apjejj

since pje;; = e;; and eiipjl = e;;. However, ijapj =0forac A, so \p; =0.
(ii) It is clear, from the definition of the norm, that m, £; and &3 are contractions.
Since m(1 ® 1 ® 1) = 1, it follows that ||m| = 1. Now

mé&(lelel)=m // u* @ uwvt @ vdup(u)du(v)

UxU

— [ [1dntinto)

UxU
=1

and so ||&s]| = 1. A similar calculation gives m2&2(1 ® 1) = 1, and thus ||| = 1.
(iii) Since mou1(a ® b ® ¢) = ma(ab ® ¢) = abe, we have m = mapuy.
(iv) This is clear from the definitions.
(v) For a,b € A,

1 27 27 n ) n )
fz(a@b)z—n/ / aZezefejj®Ze‘ze’“ekkbd91...d9n
2m)™ Jo 0 p 1

1

1 27 2r N _
= —(2 )n / .. / Z el(ej—ek)aejj ® ekkb d91 o d@n
T 0 0

joh=1
n
=D acj; ®ejib,
j=1

since the terms with j # k vanish after integration. Thus & = Y7 | p; ® \;.
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(vi) Integration, as in (v), establishes that

53((1 Rb® C) = Z aeq; Q eiibejj ® ej ¢,
ij=1
and so
&3 = Z Pi @ Aip; @ Aj.
ij=1
From (i) the terms with ¢ > j vanish, and it follows that
&3 = Z Pi @ Aipj @ Aj.
1<i<j<n

(vii) From (vi),

m3&3(a ®@b®c) = m3 Z aeq; @ ejibej; @ ejjc

3,j=1
n n
= E aeiibejj ®ej;c— E aeq; @ eiibejjc
1,j=1 4,j=1
n n
= E abejj K ej;c— E aeq; ® e;;be.
=1 i=1

From (v),
Em(a®@b®c) = E(ab® ¢ —a @ be)

= Z(abeii X e c— ae;; X eiibc),
=1

and thus 7T353 = 527T3.
(viii) From (vi),

N ®T®pit1)és =X @1 ® pig1 Z Pj B Ajpr @ Ak

1<j<k<n
= D i ® Nk @ pipaie.
1<j<k<n
By (i), terms for which ¢ > j or k > i 4+ 1 vanish from this sum, leaving
A @1® pit1)€s = Z Aipj @ Ajprk @ pit1Ak-
1<j<k<i+1
(ix) From (viii),
m2(pit1 @ Xit1)m3(N @ I @ pi1)§3(a @ b @ c)
(31) = ma(pit1 ® Niy1)m3(esiae; @ eibey; @ ejiceiprivt
+ €404 @ €5ibei11i41 @ €i4144+1CCi+1i4+1
+ €ii0€it1i41 @ €it1i+10€i41i41 @ €if1i+1CEi41i41)-
After applying 73 to the first term in this sum, we obtain an element in

span{xeii RY,z Qe ;w: T,Y,2,W E A}

1929
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which is then annihilated by p;+1 ® A;41. Similarly, 73 maps the third term into

the range of the projection p;+1 ® A;+1 and is thus annihilated by m2(pi+1 ® Ait1)

since momg = 0. It follows that only the second term in (31) is significant, and so
T2 (pit1 @ Xit1)T3( A @I ® pit1)€3(a @ b ® )

(32) = T2(pit1 @ Nir1)m3(eiia€i; @ eiibeif1it1 © €iy1i41CCit1i41)

= ma(eiaeibeit1it1 ® €ir1it1Ceit1it1)

= eiiaeiibei+1i+lcei+li+l-

Now I ® a ® I (which commutes with A\; ® I ® p;41) annihilates any tensor whose

middle term is egpberr while acting as the identity on any tensor whose middle

term is e;;be;11i4+1, so by inserting this operator into the right hand side of (31) we
obtain

m2(pit1 @ Ait1)T3(Ni @ I @ pi1)(I @ a®@I)3(a@b® c)
(33) = m2(pit1 @ Nit1)m3(€sia€i; @ €ibeiq1i41 @ €i1i41CCi4+1i41)-
It follows from (32) that
T2(pit1 @ Aig1)T3(A @ 1 ® piy1)€3
(34) = T2(pi+1 ® Ait1)m3 (A @ 1 @ pi1)( ® a @ I)Es.
Since
(Pit1 @ Nig1)p2(eiiaes @ eibeiy1ivt @ €ir1i41C€it1it1)
= (pir1 ® Nig1)(eiaes; ® egbeiyiipiceitiiv)

:07

we may replace w3 by g1 — po in the right hand side of (33) to obtain that both
terms in (34) are also equal to T2 (pir1 @ Ni+1)1 (N @ T Q@ piy1)(I @ a ® I)Es.

(x) To establish this part, it suffices to show that p;11 ® \;11 acts as the identity
on terms of the form

P A @I @ piy1)I@a®)é(a®b®c).
Using the right hand side of (32), it is clear that
AN ®IR@pit1)IRa®1)é(aRb® c) = eae; @ €ibeit1i41 @ €i41i+1CCI+1i+1,
and so
PN @I piy1)I@a®I)é(a®b®c)

has the form ze;11:41 ® €;41:+1y. Clearly p;11 ® A;41 acts as the identity on any
such element. O

Theorem 4.4. Let N be a complete nest of closed subspaces of a Hilbert space and
suppose that N has at least n distinct elements. If § is a 2-virtual diagonal for
A= Alg N, then

16 > n — 3.

In particular, this inequality holds for any 2-virtual diagonal for T,,, while no nest
algebra arising from an infinite nest can have a 2-virtual diagonal.
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Proof. Let 6: A — (ARARA)** be a 2-virtual diagonal, so that
(35) 75 (6(a) =a®1l—-1®a.

Let t be the element [, u* @ u® 1du(u) of ABARA. Tt is clear from the definition
that ||¢]] < 1, while integration, as in the preceding proposition, shows that

t:Zejj@)ejj@l.

j=1
Then
n
erst —ters = €ps Qegs @1 — Zejj ® €45 ® ers
j=1
and so
n
7"'3(67451f - ters) =ers®1l—ers®egs — Z €jj Qers+ €rp & rs
j=1
(36) =es @l —ersQess — 1 Qe€ps +€rr D s

=157 (6(ers)) — €rs @ €ss + €rp @ €rs.

Let e: A — (A®RAR®A)** be the derivation

e(a) = é(a) — (at — ta), ac€ A
Then || < ||6]] + 2, and
(37) 75" (e(ers)) = €rs ® €ss — err © €
from (36). Now &3: ARARA — ARARA is an A-bimodule map, so

y=E&e A— (ABABA)™
is a derivation. From (22),
v < llell < 6] + 2.

Using (25), (27), and (37), we see that

T3 (v(ers)) = m37€3 e (ers)
=& 3 e(ers)

= {2 (ers ® ess — €pp @ ers)

= Z(pz ® )\i)(ers ®ess — Eppr & ers)
=1
=€rs Qess — €rp Q €rs.

Since 73 is also an A-bimodule map, this leads to

(38) Wpf*(eii’y(eii+1)6i+1i+1) = €4i+1 @ €i+1i+1 — €45 K €541
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Define : A — (ARARA)*™ by B = (I ® a ® I)**y. The A-bimodularity of
I ® a® I shows that ( is also a derivation. Now

(pz—i—l & )\H—l)** **(euﬁ(eu-i-l)ez—i-lz-i-l)
=757 (Pit1 @ Xit1) (N @ T ® pig1) (I @ a® 1) y(eiit1)
75 (Pir1 @ Nip1) T3 (N @ I @ piy1) ™ y(€iiv1)

from (29)

= ﬂ—;*(pi-l-l ® )\i-l-l)** **(eu'}/(eu—i-l)ez-i-lz—i-l)
= 75" (Pit1 @ Nig1)"" (€iit1 @ €ip1ig1 — €45 @ €4iv1)

from (38)

= (€41 @ €iy1i41)
= €i+1-
It follows, using (30), that

kk ok

T2 M1*(€iiﬁ(€ii+1)€i+1i+1) = €ii41-
Since m = mopq from (23), we obtain
(39) m** (eiiB(€iit1)€it1it1) = €iit1-

Leibniz’s rule, applied to the equation ey, = e12€23 ... €n_1n, gives

n—1
ellﬁ(eln €nn = Z elzﬂ eu-l—l)ez-i-lna
i=1
and so
m (ellﬁ eln enn Zelz eu-l—l))ei-i-ln
= (n — ey,

from (39). Thus ||8]] > n — 1 since m is a contraction. From these inequalities it
follows that

n—1< Bl < [yl < llell < 611+ 2,
and so ||6]| > n — 3, as required. |

Remark 4.5. This result, combined with [5], shows that A (arising from an infinite
nest) is not 2-amenable and so there is a dual A-bimodule M for which H?(A, M) #
0. It seems very difficult to obtain such a module directly, although a posteriori
H?(A,ker73*) # 0 from [5]. In the next section we study the simplest infinite nest
algebra T'°° for which such modules can be constructed explicitly.

5. COHOMOLOGY FOR THE WEAK OPERATOR CLOSED IDEALS OF T

In this section we calculate the cohomology groups H™ (T, J) for many weak
operator closed two-sided ideals J of T, the nest algebra on an infinite dimensional
separable Hilbert space, which naturally generalizes the T,,’s. Consonant with
what happens for the T},’s, H2(T*°,J) = 0 for such ideals. It seems likely that
these results should extend to more general nest algebras. Indeed, the case of first
cohomology groups is given in the more general context by Erdos and Power ([7],
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§3), and they even allow the case where J is replaced by a weak operator closed
submodule of B(H). However, to avoid technical complications, we will restrict to
the case of T°° and a weak operator closed ideal J of T°°. For an excellent account
of the theory of nest algebras, the reader is referred to the book [4] by K. Davidson.

We now recall the definition of T°°. Let {u;} be an orthonormal basis for an
infinite dimensional, separable Hilbert space H. Let H; = Span{uy,... ,u;} and
pi: H — H; be the orthogonal projection onto H;. Then

T ={Ae€ B(H): A(H;) C H; for alli > 1}.

Each A € T is representable as an infinite upper triangular matrix {4;;}, where
Au; = Y5 Apiug. Let F> be the span of the matrix units e;; (1 <4 < j) in
T°°. Then for any A € T we have p,Ap, € F*°, and p,Ap, — A in the strong
operator topology.

It is easily checked that for A € T,

(40) eijAere = Ajkeir.

We wish to discuss the ideals J in terms of certain sequences.

Let I be the set of sequences a = {(my,n1), (ma,n2),...} (of finite or infinite
length) such that:

(@) m; € ZT,n; € ZT U{occ},m; < n; for all 7;
(b) m; < myy1, n; < niqq for all i.

Note that if co occurs as a component of some (m;, n;), then « is a finite sequence
{(m1,n1),...,(mg,nk)} with ny = co and all the other m;, n; finite. Note also that
it is possible for m; < m;11 < n; to hold for some i. The members « of I will be
called ideal sequences.

Given « € I as above, we define

Jo={AeT>: A; =0if my <i<j < ny for some k}.

We will show below that all weak* closed ideals J in T°° are of the form J, for
some unique « € I. Here are two examples. Suppose that « is the infinite sequence
{(1,1),(2,2),...}. Then J, is the ideal of strictly upper triangular operators in
7. If a = {(1,3),(2,4),(5,00)}, then J, is the set of all A € T such A;; =0
whenever 1 <7< 57<3,2<i<j<4andb <7<y,

Proposition 5.1. Fvery weak operator closed ideal of T°° is of the form J, for
some unique o € I. Conversely, every J, is a weak operator closed ideal of T°.

Proof. Let J be a weak operator closed ideal of T°°. By [7], Theorem 1.5 or [4],
p. 193, there exists a left continuous, order homomorphism o: N — N with
o(0) = 0, where N is the nest of T°°. (The first two conditions on ¢ mean that for
any K C N, sup 6(N) =0o(sup N) and o(F) < o(F)if E<F in N.)
NeK Nek

We can identify N with {0} UZ" U {oo}. Then ¢(0) = 0, ¢ is increasing and
o(t1) — o(o0) as i — co. Also
(41) J={AeT®: A(H;)C H, for all i},
where H;, = p,(H).

Let P={i: o(i) <i<oo}and Z = {o(i): i € P}. Order the elements of P in

an increasing sequence {zy}. Let Ay, = {i € P: o(i) = 2} and my = min Aj. Since
o is an order homomorphism, Ay, is an interval. Let By = {i > my: A(H;) C H,,
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for all A € J}. Clearly By, is also an interval [my, nk]. Let a = {(mg,ni)}. We
claim that « is an ideal sequence.

By definition, my < ny for all k. Also, since o(my) < o(mgt1), we have my, <
mp+1. Next, if ng < mpi1, we have ng < ngp1. If ng > myqq, then A(H,,) C
H. CH.,,, , andsong < nggr. If ng = ngqq, then A(H,y,, ) € A(H,,,,) C H.,.
To derive a contradiction to nj = ngy+1 we need only produce A € J with u,,,, €
A(Hp,.,); take A =e., | m,.,- Thus ny < npy1, and o is an ideal sequence.

We now claim that J = J,. Let A € J. Suppose that for some k we have
my < i < j < ng (j finite). Then A(H;) C H,,. Since z; < o(my) < i, we
have A;; = 0, and so A € J, and J C J,. Conversely, let A € J,. To show that
A € J, we only need prove that A(H;) C H,; for i € P. Suppose that i € P and
o(i) = 2. Then my <4, while, since for A" € J, A'(H;) C Hy;y = H,, and i € P,
we have i € A}, so that i < ng. So mg <@ < ng. For m, < j <i<ny we have

J mi
Auj = ZAkjuk = ZAkjuk S A(Hmk) CH,
k=1 k=1

since Ay; = 0if my <k < j. So A(H;) € A(Hm,) € Hy(;). So A€ J. O
Let « be an ideal sequence {(m,,n,)} and let
Trn,. = Span{eij: my <i<j<n.}

Let U = {(4,5): 1 <i <4}, V =AUy ): forsomer m, <i<j<mn,.} and
W = U\V. For any subset X of U, let

Zx ={AeT>: Ay =0forall (i,j) € X}.

Clearly Zx is a weak operator closed subspace of T°°. By definition, J, = Zy .

Let R, = Zw. In order to use the long exact sequence property of cohomology,
we will require 7°° to be the Banach space direct sum J, @ R, in a canonical way.
(This is a significant requirement; K.R. Davidson has pointed out to the authors
that weak operator closed ideals in nest algebras are not in general complemented
in the Banach space category.)

N,
For each r, let e, = > e;. (If n, = oo then the convergence of this sum is

1=m,

taken in the strong operator topology.) Define, for each N, Py: T — T by:

N N—1
(42) Py(A) = Z erAe, — Z grAgr
r=1 r=1

where g, = e,e,41. Since e, Ae, € T)y,, ,, for all A, it is clear that Py € B(T°, R,,).
The map Py takes A € T into the operator whose (i, j)'" component is A;; if
my <1< j<n, for some 1 <r < N and is 0 otherwise. (The second sum in (42)
removes “overlaps” between consecutive T, n,’s.)

Proposition 5.2. Suppose that sup{||Pn||: N > 1} < oo. Then the map P,
where, for A € T, P(A);; = Ai; for (i,j) € V and is zero otherwise, is a
projection in B(T°°) whose range is R, and whose kernel is J,.

Proof. If « is a finite sequence, then P = Py for some N and the result is obvious.
Suppose, then, that « = {(m,.,n,)} is an infinite sequence (so that, in particular,
n, < oo for all r and m,.,n, — o0). Using the uniform boundedness of the Py’s
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and Tychonoff’s Theorem, there exists P € B(T>°) and a subnet {P,s)} of {Pn}
such that for all A € T, P, (A) — P(A) weak® in T°°. In particular, for i < j,

P(A)ij = <P(A)uj,ui> = li§n<Pa(5)uj,ui> = lim(Pa(g) (A))U
For large enough 6, P, (A)i; = Ai; if (4,7) € V, and is 0 otherwise. Thus
P(A) € Ry and P: T° — R,. Obviously, P is a projection on B(T°) onto R,.

Further, ker P is precisely the set of those A’s for which A;; =0 ((¢,7) € V), and
S0 is Jg. (|

If sup{||Pn]l: N > 1} < oo, then we will say that the sequence « is bounded.
The next result provides many examples of bounded «’s. Let

(43) My =sup|{s: m, <ms <n,}.
r>1

Then M, € {0} UZT U {oo}.
Proposition 5.3. Suppose that M, < co. Then a is bounded.

Proof. Clearly M, is a “max” and an integer > 0. Let p = M, + 1. By (42), it
12\61 e, Ae, Nil ererr1Aeren iy

r=1
where K is independent of N. Now

N P
Z e Ae, || < Z
r=1

a=1
where (eqtrpAeatip) = €atkpAeatrp if a+kp < N and is 0 otherwise. Now if
k < ¢, then eqqkpeatep = 0, since otherwise there would be an i such that

is sufficient to show that are at most K| A,

3

N
Z (ea+kpAea+kp)/

k=0

(44)

)

Matkp <& < Natkp, Matep <0 < Natpp,
and so
ma+kp < ma+€p S ) S na—!—kp,
and
{s: Matrp <My < Nagipt] = p > M,
giving a contradiction.

N
Hence each Y (eqt+kpAeatip) is a direct sum of the operators (eq+kpAeatip),
k=1
and (44) gives

N
Z erAer|| < pll4].
r=1
N—1
Similarly, || > erert14derert1|| < pl|4]], and « is bounded. O
r=1

The case where M, = 0 is equivalent to the requirement that n, < m,41 for all
r. A simple example of this is the sequence o = {(1,1), (2,2), (3,3), ...} giving the
ideal of strictly upper triangular operators in 7°°°.

Suppose that « is bounded and let J = J,. Since T = R, & J,, the quotient
module T°°/J,, can be identified as a Banach space with R,, in the canonical way.
As a Banach T°°-module, the module action on R,, is just that of ordinary matrix
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multiplication with (7, j)-entries equated to 0 if (¢,5) ¢ V. More precisely, if A €
R, B € T* and the module action is denoted by -, then A- B = P(AB), B- A =
P(BA).

Lemma 5.4. Let a be bounded. Then for n > 2,
(45) H™(T*, Jo) = H" " {(T™, R,).

Proof. The sequence 0 — J, — T — R, — 0 is admissible (in the sense that it
splits in the Banach space category). The long exact sequence for Ext in the second
variable ([12], p. 156, [13], p. 12) then gives the exact sequence

(46)
- — H"NT>™,T™) - H" YT, Ry) — H*(T>, Jo) — H"(T®,T®) — ---

A result of Lance and Nielsen ([15], [16]; see [1] for earlier work) implies that
H™(T*°,T>) = 0 for all r > 1. (We note that this result has been extended to
certain classes of CSL algebras by Gilfeather, Hopenwasser and Larson [8].) Hence
by (46), H"1(T>, Ry) = H™(T*, J.).

The preceding lemma (for o bounded) reduces the study of T°°-cohomology for
Jo to that of cohomology for R,. The advantages of this are not just that the
level of the cohomology groups is reduced by 1. The module R,, is built up out of
the upper triangular algebras T,, ,, which are subalgebras of 7'°°, and the Lance-
Nielsen result used above gives precise information about the cohomology groups
of such algebras. The objective then is to compute R,-cohomology in terms of
sequences of cocycles of the 15, ,,’s which “mesh together” to give a T°°-cocycle
into R,. (These sequences are called a-coherent.) For this to work, we need to
restrict to multimodular cocycles. A cocycle will be called multimodular if it is B-
multimodular, where B is the core (diagonal subalgebra) of the triangular algebra.

Lemma 5.5. There exists a net of elements of the form (py,,... ,pr,.,) such that
for all multimodular f € C™(T*, R,,), the net of operators

f(prl A1Pryy Pro@2Prsy -+« 5 Pry, anprn+1)
converges to f(a1,...,ay) in the strong operator topology for all ay,... a, € T.
Proof. Let a1,...,a, € T, &,... & € H and € > 0. Let f € C"(T*°,R,) be

multimodular. Choose 7,41 large enough so that

(47) 1@, @n)pr, & = fla,. a6l < o

for 1 <i < k. Now a,p,,,, is compact, and so ps(anpr, .,) — @nPr,,, in norm as
s — 00. By the norm continuity of f, there exists r, so that

€
(48) ||f(a17 e 7an—17p7‘nanp7‘n+1)§i - f(ala ceeyGn—1, anp’rwrl)giH < F
for 1 <i < k. Since f is multimodular and p}, = p,,, (48) gives
€
(49)  |f(ars---,an-1Pr,, Pr,anpr.1 )& — flar, . an—1, anpr, )&l < on—1

for 1 <7 < k. Repeating the same argument recursively, we construct r’s so that
for each 7,
||f(a1, cee 5 Qi—15Q5Dr 41 Prj 1 Q5+1Prj 405 - - - 7p7“nanprn+1)€i

(50) £
- f(ala cee Ay, aj+lprj+27p’rj+2aj+2p7‘j+37 s 7prnanp7‘n+1)§i” < 2_3
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Summing up the inequalities (50) and using the triangular inequality gives

||f(a17 s ,an)& - f(pnalpmv cee 7prnanprn+1)§i” <e
for1 <i<k.
It is easy to check that the choice of the r;’s can be made simultaneously for
any finite number of f’s and for any finite number of sequences (ay, ... ,a,). The
existence of the desired net now follows. O

Definition. Let a be an ideal sequence. A sequence {f,} is called an a-coherent
sequence of n-cochains if:

(&) fr € C" (T, ns Tinpn, )3

(b) for all r, fr-(a1,...,an) = fr+1(a1,...,a,) whenever all of the a; € T, n, N
Tm7‘+1,nT+1a 1 S Z S n?

(c) sup|[|fol] = K < o0
r>1

(d) each f, is multimodular.

The sequence {f,} is called an a-coherent sequence of n-cocycles if every f, is a
cocycle.

In the next result we will use the following notation. For an a-coherent sequence
of n-cochains {f,} we define f € C™*(T*°, R,) by the strong operator convergent
sum
(51) f(ala o 7an) = Z[fr(eralera e 7erane7‘) - fr-i—l(gralgra cee 7g7‘angr)]-

r>1
Given f € C"(T°, Ra), we let f, denote the restriction of f to Ty, n,. Similar
definitions apply with f replaced by h or k.

Proposition 5.6. Suppose that M, < co.
(1) If {f+} is an a-coherent sequence of n-cochains, then f € C™(T>°,R,) is
multimodular and satisfies

erf(ala s 7an)er = f(ala s 7an)er = f’l‘(e’r‘ale’l‘7 v 7erane7‘)~

(i) If f € C™(T*°, Ry) is multimodular, then {f.} is a a-coherent and (51) holds.

(i) If {h,} and {k.} are a-coherent sequences of (n —1)-cochains and n-cochains
respectively which satisfy 6h, = k,, then 6h = 6k.

(iv) If h € C" YT, R,) and k € C™(T*°, R,) are multimodular and satisfy
6h =k, then 6h, = k. for all r.

Proof. Suppose firstly that {f,-} is an a-coherent sequence of n-cochains. Note that
in (51), eraier € Ton,mys 9r@igr € Tty nesy N T, .., 50 that the summands make
sense. Using the multimodular property of each f,, the sum in (51) is of the form

> (erArer — gr-Brgr) with | A.]], | Br|| < K||a1]| - - . |lan||. Using the argument of
r>1
Proposition 5.2, we have

N

S (erdrer — g0Brge)|| < 20Ma + DK ar] ..

r=1

and the series in (51) converges in the strong operator topology.
Clearly, f € C™"(T'°, R,). We now claim that f is multimodular. Indeed, let
b € B. Then b and each e, commute, and be, € B,.. Then for each r,

fr(erbare,, ...  erane.) = be,fr(erarer, ... eqane,) +bfr(erare,, ... erane,),
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and it follows from (51) that
bf(ar,...,an) = f(bay,...,ap).

The other multimodular properties are proved similarly.
Next we claim that

erf(ala s 7an)er = fr(eraleru e 767‘@1167‘)'
ng
Firstly, let a € T and k,r be given. Suppose that r > k. Then erex = > epp,
zs

and if (erexaey);; # 0, then m, < i < j < ny, so that since a € T, (erexaey)i; =
(ereraerer)q;. It follows that if r > k, then e, epae, = erepaerer. Similarly, if r < k
then egaerer, = erepaerer. It follows by pushing e,.ex through from left to right or
right to left (using a-coherence) that

erfr(eparer, ... eganer)e, = fr(ereparerer, ... e epanerer)
= fr(eregarereg, ... erepanerer) = exfr(erarer, ... eraner)ex.

It also follows that

erfk-‘rl (gkalgku ce 7gkangk)er = ekfr(erek-l-lalerek-l—la ce 7erek+1anerek+1)ek
= gre,fr(erarer, ... e ane.)grer.

Let S = {k: Trmyny N T, n,. # 0}. Since the my’s are strictly increasing, S is
finite. Let py = min S, po» = max S. We claim that S = {k: p; <k < po}. Indeed,
suppose that k € S. Clearly, r € S, and mp, < m,, np, < n,. Since p; = min S,
we must have m, < n,,. Similarly, since p» = max.S, m, < my,, n, < nyp, and
we must have mp, < n,. Thus m, < n,, < ng, mp < myp, < n, and the integer
intervals [my, mg], [m,,n,] overlap. Thus S = [p1, pa)-

From the above calculation and strong operator continuity for multiplication,

erfla, ... an)er
D2
= Z lexfr(erarer, ... eraner)ex — grfr(erarer, ... erane,)grl.
k=p1
Now let m, <i < j <mn, and S;; = {k: mi <i <j <ng}. It is obvious that
S;; is an integer interval [p;;, gi;] C [p1,p2). (Sij # 0 since it contains r.) Then

qij—1
(erflat,... an)er)ij = Z [fr(eraier, ... epaner)ij — frieraier, ... eraner)qj)
k=pi;
+ (fr(erarer ... eraner)ij — 0)
= frlerarep, ... e ane;).
Since (erf(ai,... ,an)er)i; # 0 implies e;; € Tryy, n,., it follows that
e-flal,...,an)er = fr(erarer, ... erane;,).

This proves (i).
Conversely, let f € C"(T*°, R,) be multimodular. Let f. = fiz,, . x..xTy, .. -
Since, for a; € Ty, ..,

fla, ... ,an) = f(erar,... ,aner) = e flar, ..., an)er,
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it follows that f. € C™"(Tp, n,., Tm,.n..). It is easy to check that the sequence {f,}
is an a-coherent sequence of n-cochains. Define (using the above) g € C™*(T°, R,,)
by:

9(0617 ce 7an) = Z[f’l‘(e’r‘ale’l‘a cee 767‘@1167‘) - fr-i—l(gralgra cee 7g7‘ang7‘)]~
r>1

The cochain ¢ is multimodular. We now show that f = g. To this end, it is
sufficient to show that for any r’s,

(52) f(phalprgv s 7prnanprn+1) = g(pT1a1pT2a . 7p7“nanp7“n+1)'

Clearly, (52) is equivalent to
(53) (f = 9)(€irir a1€5, 15 €iginA2€55jss - - - 5 €iiy, Ay, ) = 0

for all possible i, ji. Suppose that the left-hand side of (53) is non-zero. Then
since (f — ¢) is multimodular, jix = ig+1. Since the a;’s are upper triangular and
(f — g) is multimodular, we can suppose that i < ix11 for all k. We thus have to
show that in R,

(54) (f = 9)(eiia1€iziy, €irinQ2€igig, - - - s €iyiy, An€ipyinsy) = 0
Suppose that €;,4,,, ¢ Ro. Then, identifying R, with 7%/ J,,

(f = 9)(eii@1€izins - €ininnCipsring)
= €iyiy (f - g) (ei1i1 A1€iziny -+ 5 Ciniy anein+1in+1)ein+1in+1
S ((Cem-nﬂ + Ja) - Ja,

so that (54) follows.
Suppose then that e;,;,,, € Ro. Then e;;, , € Tiy, n, for some r. Now

Cipip WkCipyyipyr — (a’k)ikik+1eikik+1

and since m, < i1 < 12 < -+ < ipy1 < N, all the e, ares, i, s belong to
T, n,., and (54) follows since both f and g coincide with f, on T,,, . This proves
(ii).

Next suppose that {h,}, {k.} are a-coherent sequences of (n — 1)-cochains and
n-cochains respectively. Let h, k be defined as in (51). Then for any r, using the
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earlier results of this proposition,

(51)
erbh(ay, ..., an)e,

n—1
=e,|arth(as,...,a,) — (=) h(ay,. .. aiaii1, ... an)
1

.
Il

+ (=1)" " h(a1,... ,an_1)an|er

n—1
= erare(e h(as, ... an)e,) — Z(—l)i_leTh(al, ey Qg e Ap )y
i=1
+ (=1)" e h(ar,. .. an_1)erane,
= eparerhy(erage,, ... eqane;,)
n
- Zhr(eraler, e €rQiAi1Ey, . €l Ey)
=1
+ (=D e by (erarer, ... eran_16,)erane,

= Oh,(eraier, ... erane;,)

(since era;a;rie, = eraiera;r1e,). It follows that 6h is associated with the a-
coherent sequence 6h,., and so 6h = k if and only if 6h, = k.. This proves (iil) and
(iv) O

Theorem 5.7. Suppose n, < my41 for all but finitely many r. Then H™ (T, R,,)
=0 for all n > 1.

Proof. Let n > 1 and f € Z"(T*°, R,). We shall show that f is a coboundary.

Now f is given by (51), where f. = fi1,, . x..xT,, .. - By the Lance-Nielsen
result above, there exists g, € C"(Ty,, ., T, n,) such that f, = §g, and ||g.|| <
[Ifrll- (The latter inequality follows from the explicit formula for g, given in the
proof of [15], Theorem 2.1.) By averaging appropriately over the unitary group of
Tn,om,. it follows ([9], Lemma 1.2) that g, can be taken to be B,-multimodular.
We now show that the g,’s can be adjusted to give an a-coherent family {g.}. By
Proposition 5.6, such a family {g.} defines a g € C"~ (T, R,) with §g = f, so
that f is a coboundary.

We start with g = g1. Let S = Ty ny N Tinyony- By the multimodular property,
gi(S) €S (i =1,2). Write (g1 — g2) = 91,5 — g2;- Since f1 o = fa,, we have
6(g1 — g2) = 0. We deal with the case n > 2, the case n = 1 being an easy
adaptation.

Now S = T, for some r, and by the Lance-Nielsen result, there exists h €
C"=2(S,S) such that §h = (g1 — g2). Note that S is finite-dimensional. (The
existence of (mq,n2) implies that Ty, », is finite-dimensional.) So C,_2(S5) is a
finite-dimensional subspace of Cp,_2(Tm,.n,). We can identify h as an element of
B(Cy—2(S), S). By the Hahn-Banach Theorem, there is b’ € B(Cp—2(Tmy ), S) =
C"2(Tmy.ny, S) such that hic, ,s) =h- Regard h' € C" 2(Timynas Ting.ns)- Now
perform the averaging of k' as in [9], Lemma 1.2 to obtain a multimodular map
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h" € C"%(Tny nps Tma.n,) equivalent to b/, where

W'(Ar,. .. Any) = // Uz (U AL US, Us AsUS,
<y Un_QAn_QU;_l)Un_ldm(Ul) . dm(Un_l)

with m an invariant mean on the unitary group of By. Then 8h” = 6/, and since
h is multimodular, hrc"%(S) = h. Let g5 € C" YTy oy Tinaums) be given by
g5 = g2 + 6h”. Then g4 is multimodular, and if a1, ... ,a,-1 € S, then
g’2(a1, . ,an_l) = 92(0,1, . ,an_l) + 6h(0,1, - ,an_l)
— . an).

Now proceed recursively to build up an a-coherent sequence {g.} with g, €
C" YTy Tonyny )y G = oy 00 Ty p. N Ty, and 6gl = fr. Tt is true
that the norms of the g/.’s can “build up”, but since n, < m,41 after finitely many
r, we can take g/. = g, after a finite number of 7’s. This completes the construction
of the g.. |

Corollary 5.8. If n, < my,41 for all but finitely many r, then H*(T*°,J,) = 0
forn > 2.

Proof. Use Theorem 5.7, Lemma 5.4 and Proposition 5.3. O
The next result gives a partial converse to Corollary 5.8.

Theorem 5.9. Suppose that for all v, m, < m,41 < n, < n,41, and that

sup(n, —my,) = M < 0.
r>1

Then HX(T>,J,) # 0.

Proof. Trivially, M, < oo, so that a is bounded. By Lemma 5.4, we just have to
show that H' (T, R,) # 0. Define D,.: Ty, n,. — Tm,.n, by:

(55) Dr(eij) = (] — i)eij.
Then for a € Ty, p,, Dr(a) = ab, — bya, where b, is the diagonal matrix:
1
2
b, =

Ny —my + 1
Thus D, is an inner derivation and
1D < 2|60 < 2(ny —my +1) < 2(M 4+ 1).

Since b, is diagonal, each D, is multimodular. From the definition, D, and D,
coincide on Ty, n, N T,y i ey - S0 {D;} is an a-coherent sequence of derivations.
By Proposition 5.6, there exists a multimodular derivation D: T — R, such
that

(56) e-D(a)e, = D, (erae;)

for all r.
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Now suppose that H*(T°°, R,) = 0. Then D is inner, and there exists z € R,
such that for all @ € T*° (with - the module action of T on R,),

D(@)=a-z—z-a.

Since D is multimodular, D(b) = bz — 2b = 0 for all b € B (noting that the -
module action of B on R, is just normal multiplication). It follows that z € B.
Let 2, = ey2z. From (56), D,(a) = az. — zya. Since (by the above) we also
have D,(a) = ab, — bya, it follows that z. = b, + Are, for some A, € C. By
subtracting A1/ from z, we can suppose that z; = b;. The (mg, ma) entry of z is
then mo—mq+1. But 20 —by = Ase,.. Somao—my+1 =14 MAo, giving Ay = mo—my
and (22); = (i —ma+ 1)+ (m2 —my) =i —my + 1. Thus the (ms3,m3) entry of z3
is mg — mq + 1, giving A3 = mz — my and

(23);i=(i—mg+ 1)+ (mg—my1) =i—mq — 1.
By induction, (z,); =7 —m — 1, and so, for all p,
121l = lzpll = np = ma + 1 — o0
as p — oo. This is a contradiction. O

Note. A result of Erdos and Power ([7], p. 233) determines H'(A, X) when A
is a nest algebra C B(H) and X is a weakly closed A-submodule of B(H). An-
other proof of their result (using the multimodular property) can be given along
the following lines, where we give it in the case of H*(T,J,). No boundedness
requirement on « is needed.

Firstly, HY(T>,J,) = ZL (T, J,)/6(CS (T, J,)), where the subscript m
stands for multimodular. Using the Lance-Nielsen result and part of the preceding
proof, we obtain

ZL (T, Jy) ={be B: ab—ba € J, for all a € T*}/CI
while
§(C° (T, J,)) ={CI+b: be BnJ,}/CI,

Now ab — ba € J, < (ab—ba);; = 0 for all a € T, where m, < i < j < n, for
some 1 < e.b = e, for some A, € C and all r. Let Y = (J{[m,,n.]: r > 1}
(using integer intervals). Then Y is the disjoint union of maximal integer intervals.
Let B be the family of these intervals. Then

Z(T>,J,) = {b€ B: bis constant on the members of B} /C1.

Suppose T # J,. Then §(CY (T, J,)) can be identified with {b € Z. (T, J,):
b vanishes on the members of B}, and we obtain H (T, J,) = ¢>°(B)/C1.
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